We construct super-Yang-Mills theories on S 4 × R, S 4 × S 1 and S 4 × interval with the field content of maximal SYM, coupled to boundary degrees in the last case. These theories provide building blocks of the '5d uplifts' of gauge theories on S 4 , obtained by compactifying the 6d (2, 0) theory. We pay special attention to the N = 2 * theory on S 4 . We also explain how to construct maximal SYM on S 5 × R, and clarify when SYM theories can be put on S n × R.
Introduction and summary
Studying gauge theories on curved manifolds provides useful insights on their dynamics. In particular, supersymmetric gauge theories on curved manifolds have been extensively studied in recent years with various exact results. Important examples are Euclidean super-Yang-Mills theories on spheres [1] . Some recently studied ones are SYM on S 2 [2, 3] , S 3 [4, 5] , S 4 [6] , and S 5 [7] . In this paper, we study SYM on S n × R, S n × S 1 , or S n × I (interval), with a focus on the case with n = 4.
Yang-Mills theories on S n × R are relatively simple models in many ways. For instance, studies on the phases of Yang-Mills theories on S 3 × R [8] led to deep understandings on their dynamics, and also on the AdS 5 gravity duals when they exist. On very general grounds, S n ×R is one of the simplest Lorentzian curved spaces to put the field theory on. Supersymmetric gauge theories on S n × S 1 are also studied in great details. Their partition functions are indices which count BPS states, often related to the 'superconformal indices' which count local BPS operators of SCFTs [9, 10, 11] . There have been extensive studies on these indices in various dimensions: for instance, on S 2 × S 1 [12, 13] , S 3 × S 1 [10, 9] , S 4 × S 1 [14, 15] , S 5 × S 1 [16, 17, 18, 19, 20, 21] . 1 Super-Yang-Mills theories on S n × S 1 (or sometimes on different manifolds) related to the SCFT's are often used to compute them.
Apart from the case with n = 3, classical Yang-Mills theory carries an intrinsic scale, the coupling constant g Y M . So there is no canonical way of writing down its action on S n × R, although the manifold is conformally flat. Demanding certain SUSY provides strong constraints on possible SYM action on S n × R. However, a systematic study on writing down these SYM action appears unexplored in some dimensions, at least not as much as the SYM on S n . In fact, the relatively well-known SYM theories on S n provide strong constraints on the possible SYM theories on S n × S 1 via the small S 1 limit. This also constrains the SYM on S n × R, and the bulk term of the SYM on S n × I. We would like to clarify this issue in various dimensions.
In particular, we focus on the SYM on S 4 × R, S 4 × S 1 , and S 4 × I in this paper. One motivation is that the 5 dimensional (maximal) SYM theory is useful to study the dynamics of 6d (2, 0) superconformal field theory [24, 25, 26] with circle compactification, often by studying the non-perturbative sector of the 5d SYM [27, 28, 29, 30] . Nonperturbative studies of SYM on S 4 × S 1 or S 4 × R could thus shed light on the 6d (2, 0) theory on S 4 × T 2 or S 4 × cylinder, just like the similar studies on R 4 × S 1 allowed one to study 6d theory on R 4 × T 2 [31, 32] . [33, 34] considered the SU(N) (2, 0) theory on S 4 × Σ 2 , where Σ 2 is a Riemann surface, with some punctures (codimension 2 defects). They found that the gauge theory partition functions on S 4 map to observables of the Liouville/Toda CFTs on Σ 2 . The 5d SYM on S 4 × R may provide some insights on this relation. From the viewpoint of 5d SYM, the KK modes of the Liouville/Toda theories on a cylinder should be visible as the nonperturbative instantonic particles on S 4 . Even without instantons, it would be interesting to see if reducing SYM theory on a small S 4 yields the Liouville/Toda quantum mechanics.
With these questions in mind, we focus on a more elementary problem, to clearly show that it is possible to put the (2, 0) theory on S 4 × R 2 preserving some SUSY. After compactifying one of the two directions of R 2 to a circle, maximal SYM on S 4 ×R should also exist, preserving some SUSY. This SYM on S 4 × R has not been constructed yet, which we do in this paper.
Also, general (punctured) Riemann surface has limits in its moduli space. The surface consists of long 'tubular regions,' whose boundaries are either connected by the 3-point junctions or end on the punctures. The limit corresponds to a weak coupling limit of the 4d theory [35] . In this paper, we also construct the 5d SYM living on the tubular region, namely on S 4 × I (interval) after circle reduction. We also find its coupling with boundary degrees living on S 4 .
Let us explain the basic idea of constructing the SYM theory on S 4 × R, after which one can also replace R by S 1 or I. Perhaps we can start by providing a resolution of a puzzle phrased in [36] , which also arises for SYM on general S n × R. [36] attempted to construct 5d N = 1 SYM on S 4 × S 1 with a vector supermultiplet, and reported a failure. One way to understand this failure is as follows. The 4d vector multiplet of the N = 2 SYM on S 4 with radius r contains two real scalars, which have nonzero mass-square 2 r 2 . Trying to find a 5d uplift of it on S 4 × S 1 , one of the two 4d scalars should uplift to the S 1 component A 5 of the gauge field, which should have zero 5d mass from gauge symmetry. As A 5 transforms trivially under all the global symmetries, it is impossible to induce a nonzero 4d mass to A 5 via Scherk-Schwarz-like compactification. This appears to make it impossible to realize minimal SYM on S 4 × S 1 which reduces to pure N = 2 SYM on S 4 . It also appears that 5d N = 1 SYM coupled to hypermultiplets in general representation of the gauge group cannot exist, for the same reason.
We find a SYM on S 4 × R when the field content is the maximal vector supermultiplet, consisting of 5d N = 1 vector multiplet and an adjoint hypermultiplet. This theory preserves 8 real SUSY. Reducing it on a small circle, we obtain a special N = 2 * theory on S 4 of [6] , in which the hypermultiplet mass parameter is specially tuned. The tuning is such that the curvature-coupling mass contribution is balanced with the extra N = 2 * mass contribution, yielding zero net mass for two scalars in the 4d hypermultiplet. One of these two massless 4d scalars uplifts to the A 5 component of the 5d gauge field, and another remains to be a massless scalar in 5d. So the puzzle phrased in [36] is resolved by providing the massless A 5 from a 4d hypermultiplet scalar. Of course one should be able to realize general N = 2 * mass on S 4 by a reduction from the 5d/6d system. Or more generally, one would like to find a higher dimensional uplift of the 4d SYM theories on S 4 with the field contents of [35] . (At least this is naturally suggested by the AGT correspondence.) We find that the general N = 2 * theory of [6] can be uplifted to the SYM on S 4 × S 1 with a defect wrapping S 4 and localized on S 1 . This defect uplifts in 6d to a puncture on the Riemann surface (T 2 in this case), which is natural from the construction of [35] . Some theories on S 4 with field contents discussed in [35] can be 'uplifted to 5d' by taking many SYM on S 4 × I, connecting various intervals and coupling the 5d theories to various 4d degrees at the boundaries of I. The construction is well motivated by the D4-NS5 systems of [37] .
As the setup of AGT is wrapping the 6d (2, 0) theory on S 4 , it only demands the existence of a SYM on S 4 × R with the field content of maximal SYM. We have no ideas on other 5d
One could in principle obtain a quantum mechanical description of this system when S 4 is small. AGT correspondence could be suggesting that we shall obtain the Liouville/Toda quantum mechanics. We only make a few comments on it in section 3. It appears that nonperturbative effects of the 5d SYM should play important roles to fully visualize the Liouville physics, even in the quantum mechanical version.
Although the main focus of this paper is the SYM theories on S 4 × R, we overview the problem of constructing supersymmetric Yang-Mills theory on S n × R in various dimensions, also summarizing known results. Just like the case of S 4 × R, a constraint emerges from the scalar masses on S n after compactifying R to a small S 1 . We summarize known SYM theories on various S n and S n × R, and also find new maximal SYM on S 5 × R. The SYM on S n × R with n ≥ 6 appears to be forbidden. We also discuss possible applications of these theories.
The rest of this paper is organized as follows. In section 2, we construct the SYM on S 4 × R, S 4 × S 1 and S 4 × I with boundary degrees. In section 3, we make a few remarks on the mechanical system obtained by taking S 4 to be small. In section 4, we consider the possibilities of SYM theories on various S n × R, explain that maximal SYM exist for n = 5, and comment on its possible applications.
SYM on S

× R
We start by providing a simple argument for the existence of a SYM on S 4 × S 1 with a maximal vector supermultiplet. This can be easily seen by starting from a 4d deconstruction description of the 6d U(N) (2, 0) theory on T 2 [38] . 2 The deconstructed theory is given by a 4d N = 2 superconformal field theory, described by a circular quiver diagram of U(N) K vector multiplet and bi-fundamental hypermultiplets for adjacent U(N) pairs in the quiver. One starts from this 4d theory and give nonzero VEV to the K hypermultiplets, which spontaneously breaks U(N) K to U(N). This Higgsing triggers an RG flow, and taking a suitable large K scaling limit is suggested to yield the 6d (2, 0) theory on T 2 .
The 4d classical gauge theory is obtained by deconstructing classical 5d maximal SYM on S 1 [39] . Discretizing the circle direction, one obtains the expected U(N) K circular quiver theory in its Higgs branch. Thus, the large K limit of the N = 2 superconformal theory on R 4 yields classical maximal SYM on R 4 × S 1 . The 4d fields which acquire nonzero masses via
Higgs mechanism provide the infinite tower of Kaluza-Klein modes on S 1 in the large K limit.
The discussions of [39] are mostly within the classical field theory, so that it can be applied to maximal SYM on any R n × S 1 , supposing that R n admits SYM with 8 SUSY. Namely, after discretizing the fields along S 1 as [39] , one would obtain an n dimensional SYM with 8 SUSY described by a U(N) K circular quiver. We focus on the case with n = 4 here, commenting on other dimensions in section 4.
The above procedure on R 4 × S 1 can be generalized to SYM on S 4 × S 1 . Firstly, note that the above 4d superconformal quiver theory can be put on S 4 with radius r, as the latter space is conformally flat. All the scalars in the hypermultiplet acquire conformal mass-square 2 r 2 . So at this stage, one cannot Higgs this theory, and thus cannot address the 6d (2, 0) on
What we need is a mass-deformation of the CFT on S 4 , with an extra mass parameter for the 4d N = 2 hypermultiplets. This deformation is basically the same as that in [6] for the N = 2 * theory on S 4 , and for general field contents can be derived from [40] .
The mass parameter can be tuned to have two of the four scalars in a hypermultiplet to be massless, as we shall explain below shortly. We set the mass parameter to this value. Now the K Higgs fields can acquire expectation values, by turning on one of the two massless scalars per hypermultiplet. Then we have exactly the same mechanism as [39] , obtaining the Kaluza-Klein 2 This description works for U (N ) gauge group. We take the arguments below as a guidance for U (N ), while the actual construction of 5d SYM on S 4 × S 1 is made with arbitrary gauge group.
modes for the 5d SYM on S 4 × S 1 in the large K limit. Another massless scalar is identified as the 5d gauge field A 5 along the circle. The last identification is possible as this scalar always appears in the 4d action with derivatives or in commutators, because this scalar plays the role of 'would-be Goldstone boson' for the broken U(N) K−1 gauge symmetry.
The details of the 5d theory can also be obtained by deconstruction methods, although it could be a bit cumbersome. We find the above existence argument itself quite useful. We shall construct this theory in the next subsection more efficiently with arbitrary gauge group, using the off-shell supergravity method of [41] .
The theory constructed this way on S 4 × S 1 has its 4d reduction given by a special N = 2 * theory on S 4 , with the adjoint hypermultiplet mass parameter tuned to have two massless scalars. To compare with the 5d theory we construct later, let us consider this special N = 2 * theory on S 4 . The general mass-square matrix for the hypermultiplet scalar is [6]
Here i, j = 5, 6, 7, 8 label four real scalars, M ij is an SU(2)
. We can take
The convention for m is same as that used in section 4 of [6] , in which M ij M ij = 4m 2 . The mass-square eigenvalues are 2
where an eigenvalue with given sign appears twice in the matrix. At the point m = 0 with maximal SUSY, all four scalars of the hypermultiplet have the conformal mass-square Similar analysis can be done for the U(N) K circular quiver gauge theory, by using the results of [40] . This guarantees that one can Higgs the theory at m = ± 1 r and deconstruct the 5d SYM on S 4 × S 1 . We do not elaborate on it here.
3 The coefficient of the last term was − 1 4r in [6] , instead of − 1 r that we wrote. We find that − 1 r is correct, by following the derivations of [6] . Namely, we find
at the second step of eqn.(2.23) of [6] , where the right hand side is 4 times what is written in [6] .
We also explain the Killing spinor equation of the N = 2 * theory on S 4 [6] , which will be compared to what we shall obtain from our 5d SYM on S 4 × S 1 . The spinors in [6] are written in 10d N = 1 notation, while we shall naturally use its 5d reduction, which is a spinor in Lorentz group SO(5) and R-symmetry group SO(5) R . 4 We find it convenient to introduce the following 32 × 32 gamma matrices Γ M in 10d, using our 4 × 4 ones Γ µ (for 5d space), andΓ I (for SO(5) R ):
We also define the 10d chirality operator
We shall be working with 5d gamma matrices satisfying Γ 12345 = 1,Γ 12345 = 1. The 10d N = 1 SUSY satisfies Γ 11 ǫ = ǫ, or
Furthermore, the 8 supercharges of the 4d N = 2 * theory satisfy the projection [6]
where the 5678 directions are for the four scalars in the adjoint hypermultiplet from the viewpoint of 4d SYM. 9 and 0 directions are for the two real scalars in the 4d vector multiplet. From our 5d SYM on S 4 × S 1 , Γ 5 is for the fifth spatial direction which we take to be S 1 , and the remaining 678 are for the first three of the five internal directions. In particular, we find that
The Killing spinor equation on S 4 , in the (10, 0) signature, is given by [6] 
where indices run over k, l = 5, 6, 7, 8, R can be chosen as (2.2), and a = 1, 2, 3, 4. This equation has 8 solutions, which generate OSp(2|4) supersymmetry. Using (2.7), one obtains
Thus in our 5d notation, the S 4 Killing spinor equation is given by
This is what we shall obtain from the SYM on S 4 × R, together with ∂ 5 ǫ = 0. 4 In [6] , SO(9, 1) spinors were used, with (Γ 0 ) 2 = −1 for an internal direction. Having in mind the continuation with Euclidean R-symmetry, we put an extra i factor to Γ 0 . However, whenever we discuss Majorana spinors in 10d, this will essentially be in the Minkowskian sense as in [6] ,Ψ = Ψ T C 10 . See appendix.
Construction from off-shell supergravity
We construct the maximal SYM on S 4 × R using supergravity methods of [41] . Although it is straightforward to uplift the 4d SYM to S 4 × S 1 with a massless scalar, there are benefits for constructing it using the formalism of [41] . The most important point is that our construction below will not be just finding 5d SYM on S 4 × R, but will also specify the S 4 × R 2 supergravity background on which one can put the (2, 0) theory. One may be interested in studying a 5d SYM obtained by a different circle reduction.
We first construct the off-shell supergravity background S 4 ×S 1 or S 4 ×R, admitting Killing spinors, and then write down an on-shell SUSY action in that background. The SUSY condition for the gravitino requires
with µ = 1, 2, 3, 4, 5, where
Here, V µ is the background gauge field for the SO(5) R symmetry. S is an SO(5) R adjoint, or Sp(4) antisymmetric, scalar which comes from the circle reduction of the SO(5) R gauge field in 6d. m, n = 1, 2, 3, 4 are SO(5) R spinor indices. See [41] for more on notations. We also write 
with a = 1, 2, 3, 4. Integrability on the S 4 part demands
To be definite, let us choose
. So we obtained a complexified background for the scalar S IJ . Then, demanding the spinor to be constant on S 1 or R, one obtains
Again, we chose a definite sign between two possibilities. Most generally, one obtains four possibilities, depending on the two signs of V for the 4d hypermultiplet mass after the circle reduction, and also the ± signs on the right hand side of (2.10). Before proceeding, we turn to an issue of the reality condition on spinors. In [41] , all Lorentzian fermions are taken to satisfy symplectic-Majorana conditions. The matter fermion and Killing spinor satisfy the same reality condition. Let us discuss the reality condition for ǫ here. The reality condition isǭ = ǫ T CΩ, where C, Ω satisfy CΓ
To be concrete, we assume
, and
with ǫ 12 = −ǫ 21 = 1, and Ω = −Γ 13 = diag(ǫ, ǫ). Had it been the Lorentzian theory in a real background for V, S, the reality condition would come withǭ = ǫ † Γ 0 . In this case, the SUSY condition from the gravitino variation δψ µ and its conjugate δψ µ are equivalent so that solving the former (2.13) suffices. However, going to Euclidean signature and having a complex background both affect the equivalence. For the consistency of our analysis above, we should carefully choose the definition ofǭ so that solving (2.13) still suffices in our Euclidean complex background. Namely, starting from (2.13), we derive the equations for ǫ T CΩ andǭ ≡ ǫ † M, and require the two to be the same. This imposes the following conditions on M:
These conditions are satisfied by M ∝Γ 5 . We takeǭ ≡ ǫ † (−Γ 5 ), and the same definition for barred fermions holds for matters below.
To complete the construction of the SUSY background, we also consider the dilatino equation of [41] 19) where
The subtracted 'trace' terms are explained in [41] , related to D 
where we have used our convention Γ 12345 = 1 for the gamma matrices. (In all four cases in which S 34 , V 35 5 take ± signs, the above solution for D mn rs is always the same.) This completes the construction of the 5d supergravity background. We note that one can easily uplift this 5d background to the 6d supergravity background on S 4 × R 2 , following [41] .
Once the background is found, the SYM action on S 4 × R or S 4 × S 1 immediately follows from the results of [41] . Our Euclidean theory is obtained by a Wick rotation from theirs, on the fields and the x 0 coordinate. The action is given by
, and all
We also note that our derivatives D 5 are just gauge covariant derivative of SYM, not covariantized with background V 5 gauge field for SO(5) R . The SUSY transformations are given by
Ψ satisfies the same reality condition as ǫ,Ψ = Ψ T CΩ.
Since the 8 SUSY satisfies the projection conditionΓ 45 Γ 5 ǫ = iǫ, one can decompose the fermion Ψ into two parts: λ which has +i eigenvalue of this matrix, and ψ which has −i eigenvalue. The SUSY transformation then naturally divides the 5d maximal vector multiplet into 4d N = 2 'vector multiplet' A a , λ, ϕ 4,5 (with a = 1, 2, 3, 4) and 'hypermultiplet' A 5 , ϕ 1,2,3 , ψ.
The SUSY transformation rules are
and
The on-shell supersymmetry algebra is given by 25) for the bosonic fields, where
with i = 4, 5 and a = 1, 2, 3, 4. This shows that the algebra is OSp(2|4), up to a gauge transformation with parameter Λ. The algebra on fermionic fields should be is the effective Omega deformation parameter in the self-dual part near the poles. We shall see in the next subsection that the N = 2 * theory with general hypermultiplet mass uplifts to SYM on S 4 × S 1 with a defect on S 1 .
The key requirement that the 4d theory should have massless scalars to admit an uplift to the SYM on S 4 × S 1 , and thus on S 4 × R, is an essential condition for the 6d background for the (2, 0) theory. To see the power of this constraint, one can go to the squashed S 4 and apply the same logic. The study of [40] on squashed S 4 is based on their metric and Killing spinor ansatz. In particular, the metric is that on flat R 5 induced on the following ellipsoid:
Incidently, the analysis of [40] 
that there exist two massless scalars in 4d, we find that c 2 , c 3 are algebraically determined, and c 1 is required to satisfy a complicated partial differential equation. Thus, these functions are completely constrained, at least locally. Even with generic 4d hypermultiplet mass parameter, which is realized as the mass of 4d hypers on a defect, the possibility of the 5d uplift would still constrain (and locally determine) the background. We have not solved these conditions in full generality. In a simple case with ℓ =l, the metric has SO(4) isometry. In this case, we explicitly found the globally regular solution It will be interesting to generalize this to the case with ℓ =l.
5d uplifts of more general 4d SYM
We shall now discuss the 5d uplift of the N = 2 * theory with general 4d hypermultiplet mass.
Since the existence of a massless hypermultiplet scalar in 4d was crucial, we cannot uplift the hypermultiplet with general mass into 5d fields. The 4d hypermultiplet with general mass should come from degrees of freedom living on a 4d defect, transverse to the uplifted circle. Note that [35] engineers the 4d N = 2 * theory with general hypermultiplet mass by compactifying the 6d (2, 0) theory on T 2 with a simple puncture. This comes from an intersecting M5-brane system, whose type IIA reduction along a circle is the D4-NS5 system [37] . The puncture of [35] reduces to the boundary of D4-branes ending on NS5, on which a 4d hypermultiplet can live. The 5d theory on S 4 × S 1 with a defect can be understood as living on S 4 × I, where I is an interval of length 2πr 1 , with suitable boundary conditions at the two ends. This theory has the flat space limit r → ∞ on R 4 × I with boundary degrees, which can be well understood with the results of [42] . The SYM on S 4 × I can in fact be understood as a building block of the '5d uplift' of a larger class of gauge theories on S 4 , obtained by wrapping M5-branes on Riemann surfaces, in the limit in which the Riemann surface degenerates [35] . These 5d SYM coupled to boundaries may be a useful set-up to study the physics of M5-branes on S 4 × Σ 2 , possibly with instanton corrections.
We first explain the familiar boundary conditions on R 4 × I, and then elaborate on the case with S 4 × I. We start by considering the brane realization of this SYM on flat space. This is given by the NS5-D4 configuration of [37] , where NS5's are extended along 012345, and N D4's are extended along 01236 in R 9,1 . The 6 direction is put on a segment I, and a D4-brane ends on an NS5-brane at each end, with the boundary R 3,1 along the 0123 directions. Across a boundary of I, we put another set of N D4-branes starting from the same NS5-brane, also extended along 01236. The relative displacement of the two sets of N D4-branes along the 45 directions is labeled by a complex number ∼ m. The open strings ending on these two points provide a 4d bi-fundamental hypermultiplet field with mass m. This field is supported on the 'NS5-brane defect' localized in the 6 direction. This way, we can form linear or circular quiver gauge theories in the 4d limit [37] . The corresponding configurations of [35] are either N M5-branes wrapped on a sphere with 2 full punctures and many simple punctures, or N M5-branes wrapped on a torus with many simple punctures.
Let us first summarize the boundary condition for D4-branes ending on an NS5-brane, before taking the 4d boundary degrees into account. The 5d fields should satisfy the following boundary conditions at an end of the interval. For bosonic fields, they are There are projection conditions for fermions as well. The 1, 2, 3 directions for the scalars denote the three directions transverse to the NS5-brane. y ≡ x 5 is the coordinate for the interval, and a = 1, 2, 3, 4 is for the remaining 4 directions. Such boundary conditions are imposed at the two ends of I, say at y = 0, β. Since ϕ 1,2,3 are constrained to be zero at the two ends of the interval, the 4d masses for these 5d fields are all proportional to β −1 , which become very heavy on a short interval and decouple. The A 5 field can also be set to 0 by using y dependent local gauge transformation (where the gauge function is unconstrained at the two boundaries). Thus, all the four fields ϕ 1,2,3 , A 5 are set to zero in the 4d limit. With 4d boundary degrees, the fields with Dirichlet boundary conditions will satisfy modified Dirichlet boundary conditions [42] . However, the argument on the decoupling of the bulk fields on a short I will remain unchanged with the boundary degrees turned on (also with curvature corrections on S 4 ). The boundary degrees will provide the hypermultiplet on S 4 in the 4d limit with general mass.
The hypermultiplet that we introduce at the boundary of the interval couples to the bulk 5d gauge fields in the following way. Let us put the defect at x 5 = 0. There are two boundary values of the fields A a , λ, ϕ 4,5 which are subject to Neumann boundary conditions, living on the interval on the right side x 5 > 0 and on the left x 5 < 0. One of these two intervals may be semi-infinite. Let us call these two boundary values as A ± a , λ ± , (ϕ 4,5 ) ± , respectively. Then the boundary hypermultiplet would naively appear to be coupling to these the bulk fields in the bi-fumdanental representation of U(N) × U(N). Of course we are able to construct the 5d SYM coupling with the defect degrees in this way. However, there is a subtle point on this gauge coupling [37] , if one wishes to realize the QFT for the D4-NS5 system. Let us start by considering (ϕ 4,5 ) ± , which represent the end points of the D4-branes at the NS5-brane from the two sides. From the NS5-brane dynamics, it was shown [37] that the modes with finite NS5-brane inertia should satisfy
at x 5 = 0. Extending this result to the full vector multiplet, the dynamics of the relative U (1) of U(N)×U(N) is frozen. As other fields in the relative U(1) is frozen to zero, only the constant (non-dynamical) value of tr(ϕ 4,5 ) + − tr(ϕ 4,5 ) − couples to the 4d degrees. This is the mass m of the hypermultiplet [37] . Thus, only the SU(N) × SU(N) gauge fields dynamically couple to the 4d degrees, since the overall U(1) of U(N) × U(N) also decouples.
Now we explain the SYM on S 4 × I with boundary degrees. The boundary hypermultiplet action on S 4 with gauge coupling is completely dictated by the analysis of [40] . 6 The bulk action on S 4 × S 1 that we constructed in the previous subsection also has to be replaced by an action on S 4 × I with an interval I. The boundary terms for the bulk fields should also be introduced. All such boundary terms in the flat space limit can be taken from [42] , using the formalism of 4d infinite dimensional gauge theory for the 5d SYM, and the corresponding '4d D-term' fields. [42] in fact uses the 3d infinite dimensional gauge theory for the 4d bulk fields coupling to the 3d boundary, but the same method can be applied to our 5d-4d system. There are curvature corrections for the surface terms, which we justify by a brutal SUSY check.
To write down the coupled 5d-4d system, it is helpful to write all spinors (matters, SUSY) in a way to make the 10 = 4 + 6 dimensional decomposition clear. These are summarized in the appendix. Firstly, the 4d action for the defect hypermultiplet q A , ψ is given by [40] 
where A, B = 1, 2 are for SU(2) R (broken to U(1) on S 4 ), λ A± are boundary values of the 5d gaugino satisfying a symplectic-Majorana condition as explained in the appendix. We took ψ to be a Dirac fermion. D I ± for I = 1, 2, 3 are the boundary values of the bulk D-term auxiliary fields, which we shall introduce shortly. τ I are three Pauli matrices. In [40] , all terms containing m can be introduced by coupling the hypermultiplet to a background 4d vector multiplet φ m ,φ m , D I m (namely, eqn.(4.6) of [40] ) for the U(1) F flavor symmetry on (q A , ψ). The full SUSY transformation for these fields will be explained below, after we explain the bulk action. The above 4d action is the form in which the boundary fields couple to the U(N)×U(N) gauge fields. In case one restricts the 4d fields to couple only to the SU(N) × SU(N) part, one should replace all the 5d bulk fields by their traceless parts. For instance, one should replace
In case the 4d fields live at the intersection of a finite interval and a semi-infinite region, one of the two bulk fields is taken to be nondynamical. If one considers many 5d SYM on S 4 × I connected to others in a quiver, there should be many boundary actions of the form (2.32).
Now we turn to the 5d action. We shall write the 5d bulk action plus extra boundary terms while keeping the auxiliary D I fields. This makes up an off-shell vector multiplet in the 4d sense, with A a , λ A , ϕ 4,5 . The analysis below follows [42] (SYM with boundaries on flat space), although we had to check SUSY ourselves to decide the surface term at 1 r order. The 5d SYM action on S 4 × I with two boundaries at y = y 1 , y 2 is given by The actions S 5d and S 4d are separately invariant under the following SUSY transformations:
for the bulk 'vector multiplet' fields (with a, b = 1, 2, 3, 4),
for the bulk 'hypermultiplet' fields (with I, J = 1, 2, 3), and
for the boundary hypermultiplet fields.
The bulk action in the flat space limit 1 r → 0 can be naturally understood by regarding the 5d gauge theory as a 4d gauge theory with 'infinite dimensional gauge group,' following [42] . Namely, one regards the 5d y ≡ x 5 dependent gauge transformation with finite gauge group as a 4d gauge transformation with infinite dimensional gauge group. [42] applied this idea to the 4d maximal SYM theory with 3d boundary, but it extends to our problem in one higher dimension. As a warming up, following [42] , let us rewrite the bosonic part of the bulk hypermultiplet potential as
, which is part of the 5d kinetic term, is regarded in 4d viewpoint as part of the potential. The second term is the boundary term which one can drop in the absence of boundaries. With a boundary, only the first complete-square term should be kept in our action. One can rewrite the first term as
by introducing three D-term fields, which can all be found in our action S 5d . With boundaries, the on-shell value of D I from our action is given by
on the interval y 1 < y < y 2 , where
A are the boundary fields at y = y 1 , y 2 , respectively. This is the hyper-Kahler moment map for the 4d infinite dimensional gauge group in the presence of boundaries and boundary degrees [42] . µ conditions [42] ,
The gauge field A y may be fixed to 0 by using y dependent gauge transformation on the interval I, as explained before. Thus, the boundary values of bulk fields ϕ I , A y forming a hypermultiplet are all constrained in terms of the boundary degrees. The boundary conditions for the bulk fields A a , ϕ 4,5 forming 4d vector multiplet can also be determined. In the flat space limit, they satisfy the Neumann boundary conditions F ay = 0, D y ϕ 4,5 = 0. Some of them are modified in the presence of boundary degrees and curvature corrections. Making a variation δϕ 4,5 and demanding extremization of the action including the surface terms, the modification for the ϕ 4,5 fields is given by Let us focus on the 5d uplift of the N = 2 * theory on S 4 . Here, the two ends of I are coupled to the same boundary field, transforming in the bi-fundamental representation of the bulk gauge field at y = y 1 = 0 and y = y 2 = 2πr 1 . Here, r 1 is the circle radius if one views this system as living on S 4 × S 1 with a defect at y = 0. The mass m for the hypermultiplet in S 4d is the twisted compactification parameter on S 1 . In the small circle limit, r 1 → 0, we have checked that the full action reduces to the general N = 2 * action with general mass m on S 4 . Here we simply illustrate how this works with the bosonic action. With given boundary fields q A , the bulk fields ϕ I with I = 1, 2, 3 satisfy the modified Dirichlet boundary conditions.
So the tower of higher Fourier modes for these fields on I become heavy with mass gap 1 r 1 and decouple in the small r 1 limit. More precisely, one can write
with 0 ≤ y ≤ 2πr 1 , where · · · denotes 'higher modes' form a Fourier expansion with nonzero wavenumbers on I. So at low energy, we ignore this tower and the light mode of ϕ I is constrained by the 4d fields. The coupling − Firstly, it is tempting to identify the light scalar ϕ 3 as the variables of the Toda quantum mechanics. This is possible because the our quantum mechanical system is gauged with A 5 (y). One can fix this gauge by diagonalizing the real scalar ϕ 3 . Among the N eigenvalues, one of them corresponding to the overall U(1) decouples, yielding N − 1 scalars which can possibly interact with one another. The number of light degrees match with the number of variables in the Toda mechanics. It is still unclear how the Toda potential could be generated. However, accepting the above identification of the N − 1 eigenvalues with the Toda scalars, we consider how such a potential could possibly appear from the 5d SYM viewpoint.
We first consider the 1d kinetic term obtained by classically reducing the 5d SYM on a small S 4 . The proper scaling limit is to keep the s-waves of ϕ 3 and p ≡ The mechanical action on Euclidean R is given by
where the prefactor
comes from the volume of S 4 . Without boundaries, we can integrate by part the last term and algebraically integrate out the p field to obtain
We fix the gauge symmetry by diagonalizing ϕ 3 . The 1-loop correction to the effective action from the heavy perturbative modes on small S 4 should be computable in the background ϕ 3 (y).
We have not performed this computation, but this factor might cancel out or does not seriously change (at least qualitatively) the nature of the above classical kinetic term. We assume so in the considerations below, just to illustrate a possible (or hypothetical) way of getting the Liouville-Toda potential from this approach.
Let us discuss the U(2) theory for simplicity. Decomposing the overall U(1) and the rest by ϕ 3 = ϕ 0 1 2 + 1 2 σ 3 ϕ the action for ϕ is given by
Thus, at this stage one obtains a free scalar action on R + , after modding out by the Weyl gauge symmetry. Let us putatively interpret this as the kinetic term of the Liouville action,
put on a cylinder and reduced on the small circle to mechanics. φ L denotes the scalar field in the above Liouville theory normalization. Reducing the Liouville theory on a circle, one obtains the following quantum mechanical action:
where we write the circumference of the small circle as
, interpreting this circle as the sixth circle which uplifts from the 5d SYM. (This relation holds with our normalization for the Yang-Mills kinetic term
.) From this, we make the following identification of the Liouville scalar φ L and the scalar ϕ from the 5d SYM:
One can also rewrite the Liouville quantum mechanics action with our ϕ variable. Since we consider the round S 4 , we insert b = 1 in (3.4) and obtain
where µ ≡μ
. So the potential that is needed for the Liouville quantum mechanics is 8) assuming our interpretation of ϕ as φ L .
The potential takes the form of a non-perturbative correction in the Weyl chamber ϕ < 0. So it would be interesting to think about what kind of non-perturbative effects could account for (3.8) in the SYM on S 4 × R. It is tempting to make a somewhat wild speculation about (3.8) . Namely, the prefactor 4πr 2 is the volume of a great 2-sphere cycle in S 4 . So the above exponent could be coming from a configuration wrapping this S 2 , or a co-dimension 3 finite action 'instantons' on S 4 × R which is wrapping the S 2 . It is somewhat hard for us to imagine how such a finite action configuration could be possible on S 4 × R. Perhaps trying to reconsider an alternative localization on S 4 might provide a hint, similar to [44] which manifestly keeps the SO(3) isometry of the above S 2 factor. Note also that,
is the action of a 't Hooft-Polyakov monopole instanton in 3 dimensional gauge theory on R 3 with gauge coupling g 
a formal reduction of the SYM on S 2 would yield
near θ = 0. Presumably it should be more appropriate to study the 5d SYM on highly squashed S 4 × R, by uplifting the gauge theory of [40] on squashed S 4 to 5d. It would be interesting to see if these thoughts survive after more rigorous investigations.
In this section, we discuss SYM theories on S n ×R. Many such theories are known. For n = 2, 3, we shall simply summarize the theories that are known or easily deducible from known results. For n = 4, 5, SYM on S n provides a strong constraint and we only find SYM on S n × R with the field content of maximal SYM. For n ≥ 6, SYM is not allowed on S n × R within our ideas.
We start by summarizing known results.
On S 3 ×R, Yang-Mills action can be written down in the canonical way, since it is classically conformal. Supersymmetric Yang-Mills theories can also be written down easily. If the matter contents are suitably chosen, one can have an N -extended SCFT with SU(2, 2|N ) symmetry at the quantum level. We shall only discuss classical aspects of the superconformal action on S 3 × R. By suitably compactifying the theory on S 1 , one can obtain SYM theories on S 3 .
For simplicity, consider 4d N = 1 SCFT on S 3 × R. The 4d superconformal symmetry has 4 Poincare SUSY Q α ,Qα, with R = +1 and R = −1 and 4 conformal SUSY S α ,Sα with R = −1 and R = +1, respectively, where R is the U(1) R-charge. One can make a twisted compactification on S 1 using E −R/2, where E is the translation on R (dimension of operators).
This compactification preserves half of the 8 superconformal symmetries which commute with E − R/2, namely Q α and S α . This should yield 3d N = 2 SYM with OSp(2|2) symmetry, which were found in [4, 5] . The 3d theory has one real scalar σ in the vector multiplet, which comes from the holonomy of A 4 on S 1 . From the 4d perspective, σ should be massless. This is in fact true, which one can check by integrating out the D-term auxiliary field of [4, 5] .
Let us move on to n = 2. For simplicity, we only consider the cases with N = (2, 2) [2, 3] or more SUSY. The 2d (2, 2) vector multiplet has two real scalars, σ 1 , σ 2 . One scalar, say σ 2 , is massless on S 2 . Another scalar σ 1 has the following coupling As the complex SUSY ξ 4 has a definite U(1) charge, this twisting loses no SUSY and yields the above 2d N = (2, 2) theory, in which Φ = σ 1 , A 3 = σ 2 . We can also truncate the maximal SYM to N = 4 SYM on S 2 × R, by turning off X 1,2,3,4 = 0 and Ψ 1,2 = 0. One finds SU(2|2) symmetry, whose fermionic generators are labeled by ξ 3,4 . The truncation can not be extended beyond N = 4, which should be the case since there are no such theories even in the flat space limit. Coupling matters to these N = 2, 4 theories presumably should be possible, which we do not discuss. Now let us move on to higher dimensions, S n × R or S n × S 1 with n ≥ 5. We first consider the case with n = 5. On S 5 with radius r, the real scalar in the N = 1 vector multiplet has mass 2 r
. So one cannot uplift N = 1 SYM with vector multiplet only to S 5 × S 1 . However, like the SYM on S 4 , uplift to S 5 × S 1 is possible with an adjoint hypermultiplet. The bosonic action for the vector multiplet and an adjoint hypermultiplet with mass m is given by [7, 16] 
. Then the bosonic part of the 6d SYM action on S 5 × R is given by
where µ, ν = 1, 2, 3, 4, 5, y ≡ x 6 and I = 1, 2, 3, and g 6 is the 6d Yang-Mills coupling. . This divergence happens in the diagonal U(1) N part of the perturbative partition function [16] . There will thus appear a net (mr − is finite. A simple calculation using the results of [20, 19] yields is the chemical potential for the 'energy,' and βa, βb, βc are the chemical potential for the SU(3) ⊂ SO(6) angular momentum on S 5 : see [20] for the details. η(q) is given by η(q) = q 1 24
The first factor is the m → index. This is natural as this can be interpreted as the IR index after Higgsing the theory with a complex scalar. It would be more interesting to study the defects on S 1 . For instance, the 5d version of the AGT proposals and q-deformed CFT's studied in [48] may be explored, if it has a higher dimensional origin like [35, 33] .
Finally, at n = 6, 7, maximal SYM on S n is known in the literature [1, 50] . So there are no massless scalars in either case. It is also impossible to provide deformations like extra hypermultiplet mass to have massless scalars. In 6d, hypermultiplet cannot be given a mass parameter already in flat space limit, as the fermion of 6d hypermultiplet is chiral. Also, there is no notion of hypermultiplet in 7d, and thus no way to tune the mass matrix. So we cannot use our argument to have a SYM on S n × R at n = 6, 7. This seems to lead to the conclusion that n + 1 = 6 is the maximal dimension in which one can write down SYM on S n × R.
one can show that our 5d action (2.21) uplifts in the 10d notation to direction to a small circle and reducing to 4d, one defines Φ M = (A 5 , ϕ I+5 ) with P = 5, · · · , 0.
Then the 4d action is given by 1 g To couple the 5d system to 4d boundary degrees in section 2.2, it is more useful to assume the following 4 + 4 + 2 decomposition of the 10d gamma matrices:
with a = 1, 2, 3, 4, and we takê is picked. So the SO(4) rotation acting on the i type indices breaks to SO(3), even in the flat space limit. Since this SO(3) is the diagonal of the two SU(2) rotations acting on the A,Ȧ indices, the A andȦ indices are identified. This is the A doublet indices for SU(2) R that we use in section 2.2. Reduction of the 10d Majorana condition yields the symplectic-Majorana condition in 4d, which is the one used in [40] . This reality condition applies to our 5d spinors λ A , χ A in section 2.2. In this spinor basis, the Killing spinor equation for ǫ A on S 4 is given by
(A.9)
